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We present the generalization of previously published results, about the perturbed redshift and the
luminosity-redshift relation up to second order in perturbation theory, for the case of the Poisson
gauge and in the presence of anisotropic stress. The results are therefore valid for general dark
energy models and (most) modified gravity models. We use an innovative approach based on the
recently proposed ”geodesic light-cone” gauge. We then compare our finding with other results,
which recently appeared in the literature, for the particular case of vanishing anisotropic stress.
Arriving at a common accepted expression for the non-linear and relativistic corrections to the
redshift and distance-redshift relation is of fundamental importance in view of future cosmological
surveys. Thanks to these surveys the Universe will be further probed with high precision and at
very different scales, where non-linear and relativistic effects can play a key role.
PACS numbers: 98.80-k, 95.36.+x, 98.80.Es
I. INTRODUCTION
In the near future cosmology will enter a new era in which the use of Newtonian gravity will no longer be sufficient
in studying large scale structure (LSS). In fact, the next generation of LSS surveys will probe the Universe with high
precision and at very different scales, where non-linear and relativistic effects can play a key role. Therefore, it is
of fundamental importance to have a reliable description of the observables which describe the physical information
carried by light-like signals traveling along our past light-cone, at least up to second order in perturbation theory.
Among these observables the redshift z and the luminosity distance dL occupy important positions. In fact, following
the pioneering work of [1], dL has been computed to first order in the longitudinal gauge (for a CDM model in [2],
CDM and ΛCDM in [3]), and to second order in the synchronous gauge, but only for CDM, in [4].
Here we generalize the results presented in [5, 6] (and used in [7–9]), where the perturbed redshift and luminosity
distance-redshift relation were obtained up to second order in the Poisson gauge and for a general dark energy model
but with vanishing anisotropic stress, to the case where anisotropic stress is present.
The evaluation of LSS observables in the presence of anisotropic stress is one of the major issue to be addressed
in view of the next generation of LSS surveys. In fact the anisotropic stress, which vanishes for the ΛCDM model,
frequently appears in other dark energy and/or modified gravity models. The main point is that the presence of
anisotropic stress can induce deviations from the standard observational predictions based on ΛCDM. Therefore, if
we are able to isolate and measure the effect of the anisotropic stress in future LSS cosmological observations we will
be able to conclude that the Universe is not described by a ΛCDM model.
In [5, 6] the perturbed redshift and luminosity-redshift relation were derived for the first time up to second order
in the Poisson gauge, and for a general dark energy model, starting from the recently proposed ”geodesic light-cone”
(GLC) gauge [10] and using an innovative approach. On the other hand, the final results of [5, 6] are valid only for
the case with vanishing anisotropic stress and are only partially written using a formalism which is simply related to
the one already used at first order (see, for example, [2]). Here we fill this gap.
For problems associated with the observation of light sources lying on the past light-cone of a given observer,
the GLC gauge, an adapted system of coordinates, is extremely helpful. In this system several quantities simplify
greatly [10] and the so-called Jacobi Map can be obtained exactly, non perturbatively, [6], while keeping all the
required degrees of freedom for applications to general geometries. As a consequence, starting from the GLC gauge
one can express light-cone observables in any gauge by computing a coordinate transformation that connects the
GLC to the chosen gauge (see [5, 6] for details). This new procedure considerably simplifies the task of writing LSS
observables (like redshift and luminosity distance) to a given order in perturbation theory. In practice, one can start
from a given non-perturbative exact expression for the observable in question in GLC gauge, and go to its perturbative
counterpart, e.g. in Poisson gauge, using a coordinate transformation valid at the desired order in the perturbative
theory.
In the second part of the paper we also attempt a comparison of the results of [5, 6], and of the ones here presented,
with other results, most notably [11] (see also [12]), for the case of vanishing anisotropic stress. As we shall see, even
2after translation the comparison is not straight-forward due to the length of the expressions and the possibility of
transforming them by integrations by parts. The result is simply that the expressions derived here and in [5, 6] do not
agree with the ones derived in [11]. Further work will be needed to resolve the discrepancies. In order to encourage
colleagues to look further into this comparison, we believe it is useful to include here this first attempt.
The paper is organized as follows. In Section 2 we recall the definition and special properties of the geodesic light-
cone gauge. We also specify the Poisson gauge up to second order in perturbation theory for the case with anisotropic
stress, and find the connection between the two gauges up to second order. In Section 3, we first give the result for the
redshift up to second order in perturbation theory in the Poisson gauge in terms of the observer’s angular coordinates,
and for a generic dark energy (modified gravity) model with anisotropic stress, using the standard formalism. We
then move to the luminosity distance as function of the observed redshift and of the observer’s angular coordinates,
also up to second order in perturbation theory in the Poisson gauge and for a generic dark energy (modified gravity)
model with anisotropic stress. In Section 4 we consider the particular case of vanishing anisotropic stress and compare
our results (and the ones of [5, 6]) with the results of [11, 12]. In Section 5 we summarize our results and draw some
conclusions.
II. FROM THE GEODESIC LIGHT-CONE TO THE POISSON GAUGE
Following [5, 6] we give in this paper the expression for the redshift and the luminosity distance-redshift relation
in a generic homogeneous FLRW Universe with perturbation, up to second order and in the Poisson gauge with
anisotropic stress. We start with the so-called geodesic light-cone (GLC) coordinate defined in [10]. GLC coordinates
consist of a timelike coordinate τ (which can always be identified with the proper time of the synchronous gauge and,
therefore, describes a geodesic observer static in this gauge [13]), of a null coordinate w and of two angular coordinates
θ˜a (a = 1, 2).
The line-element of the GLC metric takes the form:
ds2 = Υ2dw2 − 2Υdwdτ + γab(dθ˜a − Uadw)(dθ˜b − U bdw) , a, b = 1, 2 , (2.1)
and depends on six arbitrary functions (Υ, Ua and γab = γba). In matrix form:
gµν =
 0 −Υ ~0−Υ Υ2 + U2 −Ub
~0T −UTa γab
 , gµν =
 −1 −Υ−1 −U b/Υ−Υ−1 0 ~0
−(Ua)T /Υ ~0T γab
 , (2.2)
where γab and its inverse γ
ab lower and raise the two-dimensional indices 1.
The condition w = constant defines a null hypersurface (∂µw∂
µw = 0), corresponding to the past light-cone of
the given observer, hereafter chosen to be the geodesic one. The vector uµ = −∂µτ is the 4-velocity of this geodesic
observer, (∂ντ)∇ν (∂µτ) = 0. Let us also recall that, in GLC gauge, the null geodesics connecting sources and
observer are characterized simply by the tangent vector kµ = −ωgµν∂νw = −ωgµw = ωΥ−1δµτ (where ω is an
arbitrary normalization constant), meaning that photons travel at constant values of w and θ˜a. This renders the
calculation of the redshift particularly simple in this gauge.
We now determine the redshift and the cosmological distances, as the luminosity and angular distance, exactly,
non-perturbatively in GLC gauge. Let us denote by subscripts “o” and “s”, respectively, quantities evaluated at the
observer and source space-time position, and let us consider a light ray emitted by a static geodesic source lying on
the past light-cone of a static geodetic observer (defined by w = wo) and on the spatial hypersurface τ = τs. The
light ray will be received by the static geodetic observer at τ = τo > τs. The exact non-perturbative expression of the
redshift zs associated with this light ray is then simply given by [10]
(1 + zs) =
(kµuµ)s
(kµuµ)o
=
(∂µw∂µτ)s
(∂µw∂µτ)o
=
Υ(wo, τo, θ˜
a)
Υ(wo, τs, θ˜a)
. (2.3)
On the other hand, in [6] an exact expression for the so-called Jacobi Map [14] is derived in GLC gauge and the
following non-perturbative solution for the luminosity (area) distance is obtained:
d2L = (1 + zs)
4d2A = (1 + zs)
4 4
√
γs[
det
(
u−1τ ∂τγab
)
γ3/2
]
o
, (2.4)
1 However, in analogy with the synchronous gauge, also the GLC gauge has some residual gauge freedom [6].
3where γ denotes the determinant of the 2-dimensional matrix γab.
Let us now define the gauge in which we want express the redshift and the luminosity distance, given by Eqs.(2.3)
and (2.4). Neglecting vector and tensor contributions, the Poisson gauge (PG) metric [15] (sometimes denoted at first
order ’Newtonian gauge’ or ’longitudinal gauge’) takes the form
ds2PG = a
2(η)
[−(1 + 2Φ)dη2 + (1− 2Ψ)δijdxidxj]
= a2(η)
[−(1 + 2Φ)dη2 + (1− 2Ψ)(dr2 + r2d2Ω)] (2.5)
where the (generalized) Bardeen potentials Φ and Ψ are defined, up to second order, as follows:
Φ ≡ φ+ 1
2
φ(2) , Ψ ≡ ψ + 1
2
ψ(2) , (2.6)
and we make no assumption on the anisotropic stress, so that Ψ amd Φ can be different also at first order.
In order to compute the redshift and the luminosity distance given in Eqs.(2.3) and (2.4) in terms of standard PG
variables we have to transform the GLC gauge quantities to quantities in PG. This generalize what done in [5, 6],
because we consider here the general case with anisotropic stress up to second order. Starting from the following
suitable boundary conditions: i) the transformation is non singular around r = 0, and ii) the two-dimensional spatial
section r = const are locally parametrized at the observer position by standard spherical coordinates (θ, φ), the
coordinate transformation to second order is then given by
τ = τ (0) + τ (1) + τ (2)
with τ (0) =
(∫ η
ηin
dη′a(η′)
)
, τ (1) = a(η)P (η, r, θa) ,
τ (2) =
∫ η
ηin
dη′
a(η′)
2
[
φ(2) − φ2 + (∂rP )2 + γab0 ∂aP ∂bP
]
(η′, r, θa) , (2.7)
w = w(0) + w(1) + w(2)
with w(0) = η+ , w
(1) = Q(η+, η−, θ
a) ,
w(2) =
1
4
∫ η−
ηo
dx
[
ψ(2) + φ(2) + 2(ψ2 − φ2) + 2(ψ + φ)∂+Q+ γab0 ∂aQ ∂bQ
]
(η+, x, θ
a) , (2.8)
θ˜a = θ˜a(0) + θ˜a(1) + θ˜a(2)
with θ˜a(0) = θa , θ˜a(1) =
1
2
∫ η−
ηo
dx
[
γab0 ∂bQ
]
(η+, x, θ
a)
θ˜a(2) =
∫ η−
ηo
dx
[
1
2
γac0 ∂cw
(2) + ψγac0 ∂cw
(1) +
1
2
γdc0 ∂cw
(1)∂dθ˜
a(1) +
1
2
(ψ + φ)∂+θ˜
a(1) + (φ− ψ)∂−θ˜a(1)
−∂+w(1)∂−θ˜a(1)
]
(η+, x, θ
a) , (2.9)
where (γab0 ) = diag(r
−2, r−2 sin−2 θ), and ηin represents an early enough time when the perturbations (or better
their integrands) were negligible. We have also introduced the zeroth-order light-cone variables η± = η ± r, with
corresponding partial derivatives:
∂η = ∂+ + ∂− , ∂r = ∂+ − ∂− , ∂± = ∂
∂η±
=
1
2
(∂η ± ∂r) , (2.10)
and defined
P (η, r, θa) =
∫ η
ηin
dη′
a(η′)
a(η)
φ(η′, r, θa) , Q(η+, η−, θ
a) =
∫ η−
ηo
dx
1
2
(ψ + φ) (η+, x, θ
a) . (2.11)
With this we can then compute the non-trivial entries of the GLC metric of Eq. (2.2) in terms of the variable (η, r, θa):
Υ−1 =
1
a(η)
[
1 + ∂+Q− ∂rP + 1
2
(ψ − φ) + ∂ηw(2) + 1
a
(∂η − ∂r)τ (2) − φ(2) + 2φ2 − 1
2
φ(φ + ψ)
−φ∂+Q + ∂rP
(
1
2
φ− 3
2
ψ
)
− ∂rP∂+Q− γab0 ∂aP∂bQ
]
, (2.12)
Ua = ∂η θ˜
a(1) − 1
a
γab0 ∂bτ
(1) + ∂η θ˜
a(2) − 1
a
γab0 ∂bτ
(2) − 1
a
∂rτ
(1)∂rθ˜
a(1)
4−φ∂η θ˜a(1) − 2
a
ψγab0 ∂bτ
(1) − 1
a
γcd0 ∂cτ
(1)∂dθ˜
a(1)
+
(
∂+Q− ∂rP + 1
2
(ψ − φ)
)(
−∂ηθ˜a(1) + 1
a
γab0 ∂bτ
(1)
)
, (2.13)
γab = a−2
{
γab0 (1 + 2ψ) +
[
γac0 ∂cθ˜
b(1) + (a↔ b)
]
+ γab0
(
ψ(2) + 4ψ2
)
− ∂η θ˜a(1)∂η θ˜b(1)
+∂r θ˜
a(1)∂r θ˜
b(1) + 2ψ
[
γac0 ∂cθ˜
b(1) + (a↔ b)
]
+ γcd0 ∂cθ˜
a(1)∂dθ˜
b(1)
+
[
γac0 ∂cθ˜
b(2) + (a↔ b)
]}
. (2.14)
III. REDSHIFT AND LUMINOSITY DISTANCE-REDSHIFT RELATION: GOING FROM GEODESIC
LIGHT-CONE TO POISSON GAUGE
A. Redshift
Let us begin with the redshift, starting from the non-perturbative solution (2.3) and using the coordinate transfor-
mation defined above (in particular Eq.(2.12)), we can obtain its second order perturbative expression in the PG for
a general dark energy model with anisotropic stress. This was first done in [5] for the case with vanishing anisotropic
case, but the final expression was not explicitly given. Here we present the final result in standard form, using the
conformal time as affine parameter of our line-of-sight. To this aim we underline that since τ plays the role of the
effective gauge-invariant velocity potential (see [6]), we can define in polar coordinates the spatial components of the
perturbed velocity vµ of the PG (geodesic) observer as:
vi = (vr + v
(2)
r , v⊥a + v
(2)
⊥a) with vr = −∂rτ (1) , v(2)r = −∂rτ (2) , v⊥a = −∂aτ (1) , v(2)⊥a = −∂aτ (2) , (3.1)
where τ (1) and τ (2) are the first- and second-order part of the coordinate transformation τ = τ(η, r, θa) between PG
and GLC gauge (see Eq.(2.7)). The unit vector nµ along the direction connecting the source to the observer can be
then expanded, in polar coordinates and to first order (which is enough for our purpose), as:
nµ =
(
0,−1
a
(1 + ψ), 0, 0
)
, nµ = (0,−a(1− ψ), 0, 0) . (3.2)
Taking then its scalar product with the spatial component of the perturbed velocity we have
~v · nˆ = v|| + v(2)|| = ∂rP + ψ∂rP +
1
2
∫ η
ηin
dη′
a(η′)
a(η)
∂r
[
φ(2) − φ2 + (∂rP )2 + γab0 ∂aP ∂bP
]
(η′, r, θa) (3.3)
and we also have that
v⊥av
a
⊥ = γ
ab
0 ∂aP∂bP . (3.4)
Les us now define the following useful variables
ψI =
ψ + φ
2
, ψA =
ψ − φ
2
, (3.5)
which define the isotropic and anisotropic part of the Bardeen potential. Hereafter we will use such variables to
express our perturbed quantities.
5Finally, also with the help of the following results
Qs = −2
∫ ηo
ηs
dη′ψI (η′, ηo − η′, θas ) (3.6)
∂+Qs = ψ
I
o − ψIs − 2
∫ ηo
ηs
dη′∂η′ψ
I (η′, ηo − η′, θas ) (3.7)
∂+ω
(2)
s =
1
4
[(
φ(2)o + ψ
(2)
o
)
−
(
φ(2)s + ψ
(2)
s
)]
− ψIs
[
ψI0 − ψIs − 2
∫ ηo
ηs
dη′∂η′ψ
I (η′, ηo − η′, θas )
]
+2
(
ψIoψ
A
o − ψIsψAs
)− γab0 ∂a(∫ ηo
ηs
dη′ψI (η′, ηo − η′, θas )
)
∂b
(∫ ηo
ηs
dη′ψI (η′, ηo − η′, θas )
)
−1
2
∫ η0
ηs
dη′∂η′
[
φ(2) + ψ(2) + 8ψIψA + 4ψI
(
ψIo − ψI − 2
∫ ηo
η′
dη′′∂η′′ψ
I (η′′, ηo − η′′, θas )
)
+4γab0 ∂a
(∫ ηo
η′
dη′′ψI (η′′, ηo − η′′, θas )
)
∂b
(∫ ηo
η′
dη′′ψI (η′′, ηo − η′′, θas )
)]
(η′, η0 − η′, θas ) , (3.8)
and ∫ η0
ηs
dη′∂η′
[
ψI (η′)
(
ψIo − ψI (η′)− 2
∫ ηo
η′
dη′′∂η′′ψ
I (η′′)
)
+ γab0 ∂a
(∫ ηo
η′
dη′′ψI (η′′)
)
∂b
(∫ ηo
η′
dη′′ψI (η′′)
)]
=
−ψIo
∫ η0
ηs
dη′∂η′ψ
I (η′)− 2
∫ η0
ηs
dη′
[
−ψI (η′) ∂η′ψI (η′)− ∂η′ψI (η′)
∫ ηo
η′
dη′′∂η′′ψ
I (η′′)
−ψI (η′)
∫ ηo
η′
dη′′∂2η′′ψ
I (η′′) + γab0 ∂a
(∫ ηo
η′
dη′′ψI (η′′)
)
∂b
(∫ ηo
η′
dη′′∂η′′ψ
I (η′′)
)]
, (3.9)
we obtain the redshift up to second order in perturbation theory (hereafter we only use the conformal time η as
argument inside the integral over the line-of-sight, instead of extended arguments like (η, ηo − η, θas )):
1 + zs =
a(ηo)
a(ηs)
[
1 + δ(1)z + δ(2)z
]
(3.10)
with
δ(1)z = v||o − v||s + (ψIo − ψAo )− (ψIs − ψAs )− 2
∫ ηo
ηs
dη′∂η′ψ
I (η′) (3.11)
δ(2)z = v
(2)
||o − v
(2)
||s +
1
2
(
φ(2)o − φ(2)s
)
− 1
2
∫ η0
ηs
dη′∂η′
[
φ(2) (η′) + ψ(2) (η′)
]
+
1
2
(
v||o − v||s
)2
+
1
2
(
(ψIs )
2 − (ψIo)2
)
+
(
v||o − v||s − ψIs
)(
ψIo − ψIs − 2
∫ ηo
ηs
dη′∂η′ψ
I (η′)
)
+
1
2
(va⊥sv⊥a s − va⊥ov⊥a o)− 2a va⊥s∂a
∫ ηo
ηs
dη′ψI (η′)
−2ψIo
∫ η0
ηs
dη′∂η′ψ
I (η′) + 4
∫ η0
ηs
dη′
[
ψI (η′) ∂η′ψ
I (η′) + ∂η′ψ
I (η′)
∫ ηo
η′
dη′′∂η′′ψ
I (η′′)
+ψI (η′)
∫ ηo
η′
dη′′∂2η′′ψ
I (η′′)− γab0 ∂a
(∫ ηo
η′
dη′′ψI (η′′)
)
∂b
(∫ ηo
η′
dη′′∂η′′ψ
I (η′′)
)]
+
(
ψAs − ψAo
) (
v||o − v||s
)
+
3
2
(ψAs )
2 − 1
2
(ψAo )
2 − ψAo ψAs − 3ψIsψAs + ψIoψAo + ψAs ψIo + ψAo ψIs
−4
∫ ηo
ηs
dη′∂η′(ψ
IψA) (η′)− 2 (ψAs − ψAo ) ∫ η0
ηs
dη′∂η′ψ
I (η′) (3.12)
Let us underline how the results above are still written in terms of the angles of the source position.
On the other hand, the perturbed redshift should be written as a function of the observer’s angular coordinates.
Using the properties of the GLC gauge, this corresponds to writing the redshift as a function of the GLC angular
coordinates θ˜a. In fact, as recalled in the previous section, θ˜a are equivalent to the standard angular coordinate at
the observer position and are constant along the line-of-sight. Therefore the perturbed redshift 1 + z¯s is given by
6Taylor-expanding 1+ zs around θ˜
a (we use a bar to denote that the redshift is now expressed in terms of θ˜a). To this
purpose it is enough to invert Eq.(2.9) to first order since the background redshift is independent from the angles,
therefore we need the expansion
θa = θa(0) + θa(1) = θ˜a − 2
∫ ηo
η
(0)
s
dη′ γab0 ∂b
∫ ηo
η′
dη′′ ψI(η′′) . (3.13)
Then the redshift as function of the observer’s angular coordinates θ˜a will be given by Eqs. (3.11) and (3.12) with θas
replaced by θ˜a plus a further term given by Taylor-expanding δ(1)z around θ˜a. Namely we have
δ(1)z¯ = δ(1)z|θa
s
=θ˜a (3.14)
δ(2)z¯ = δ(2)z|θa
s
=θ˜a + 2∂a
(
v||s + ψ
I
s − ψAs
) ∫ ηo
ηs
dη′γab0 ∂b
∫ ηo
η′
dη′′ψI (η′′)
+4
∫ ηo
ηs
dη′∂a
(
∂η′ψ
I (η′)
)∫ ηo
ηs
dη′′γab0 ∂b
∫ ηo
η′′
dη′′′ψI (η′′′) (3.15)
Let us point out that, in particular, the perturbed redshift, given in Eqs. (3.11), (3.12), (3.14) and (3.15), is uniquely
defined after we go to the fully gauge fixed PG, even if we start from the GLC gauge where some residual gauge
freedom is stil present [6].
B. Luminosity Distance
Let us now move to the luminosity distance dL. We first give the basic steps to arrive at the final expression
for the luminosity distance-redshift relation to a given order in perturbation theory, in the case under consideration
the second, without going into full details (see [5, 6]). The first step consists in writing dL up to second order in
perturbation theory in PG using the exact expression in Eq.(2.4) and the second order coordinate transformation
given in Eqs (2.7)-(2.14). On the other hand, as mentioned, we want to write dL as function of the observed redshift
and with respect to the angles at the observer position. We can first write dL as function of the observed redshift
defining a fiducial model with coordinates (η
(0)
s , r
(0)
s , θas ) for which the observed redshift and the past light-cone of our
observer are given by
1 + zs =
a(ηo)
a(η
(0)
s )
, w = wo = ηo = η
(0)
s + r
(0)
s . (3.16)
We then expand conformal time and radial PG coordinates around the coordinates of the fiducial model as ηs =
η
(0)
s + η
(1)
s + η
(2)
s and rs = r
(0)
s + r
(1)
s + r
(2)
s , and obtain the terms of these expansions by perturbatively solving the
following system of equations:
1 + zs =
a(ηo)
a(η
(0)
s )
=
a(ηo)
a(ηs)
[
1 + δ(1)z + δ(2)z
]
(3.17)
w = ηo = w
(0) + w(1) + w(2) (3.18)
where we have to use Eqs. (2.8), (3.11) and (3.12). In particular, for the case under consideration we have the
following solution for our fiducial model
η(1)s =
δ(1)z
Hs (3.19)
η(2)s =
1
Hs
[
δ(2)z + δ(1→2)z − 1
2
(
1 +
H′s
H2s
)
(δ(1)z)2
]
(3.20)
and
r(0)s = ηo − η(0)s = ∆η , r(1)s = −η(1)s + 2
∫ ηo
η
(0)
s
dη′ψI (η′) (3.21)
7r(2)s = −η(2)s − w(2)s − w(1→2)s (3.22)
where Hs = a′(η(0)s )/a(η(0)s ) is the comoving Hubble parameter of the fiducial model, and the quantities δ(1→2)z and
w
(1→2)
s stand for the second order contribution coming from Taylor expanding δ(1)z and w
(1)
s around the background
source position of our fiducial model. These are given by
δ(1→2)z = η(1)s
(
∂ηψ
I
s + ∂ηψ
A
s +Hsv||s + ∂rv||s
)
+
[
3
2
∂ηψ
I
o +
1
2
∂rψ
I
o − 2∂ηψIs − ∂rψIs + ∂rψAs
−∂rv||s − 2
∫ ηo
η
(0)
s
dη′∂2η′ψ
I(η′)
](
2
∫ ηo
η
(0)
s
dη′ψI(η′)
)
(3.23)
w(1→2) =
[
ψIo − ψIs − 2
∫ ηo
η
(0)
s
dη′∂η′ψ
I (η′)
](
2
∫ ηo
η
(0)
s
dη′ψI(η′)
)
+ ψIs
[
2η(1)s − 2
∫ ηo
η
(0)
s
dη′ψI(η′)
]
. (3.24)
where, we underline, all the quantities above are now expressed with respect to the background conformal time of our
fiducial model.
Once we have (η
(0)
s , r
(0)
s ), (η
(1)
s , r
(1)
s ) and (η
(2)
s , r
(2)
s ) we can obtain the luminosity distance-redshift relation dL(zs, θ
a
s )
by Taylor expanding the second order solution for dL, previously found as function of the PG coordinates, around
the fiducial values (η
(0)
s , r
(0)
s ).
This yields dL as function of η
(0)
s , which determines the observed redshift. The last step is to write it as function
of the observer’s angular coordinates. We proceed as done for the observed redshift, using the properties of the GLC
gauge for which θ˜a are equivalent to the standard angular coordinate at the observer position and are constant along
the line-of-sight. Therefore the luminosity distance d¯L(zs, θ˜
a) is given by Taylor expanding dL(zs, θ
a
s ) around θ˜
a (we
use a bar to denote that the luminosity distance is now expressed in terms of θ˜a). To this purpose it is enough to use
Eq.(3.13), as for the redshift the background value d
(0)
L is independent from the angles.
In [5] the procedure above is followed in full details for the case with vanishing anisotropic stress. Here, apart from
the above results, we give only the final results, skipping the major part of the technical details. Therefore, following
the procedure summarized above, we obtain
d¯L(zs, θ˜
a)
(1 + zs)ao∆η
=
d¯L(zs, θ˜
a)
dFLRWL (zs)
= 1 + δ¯
(1)
S (zs, θ˜
a) + δ¯
(2)
S (zs, θ˜
a) , (3.25)
where the first order luminosity distance is given by
δ¯
(1)
S (zs, θ˜
a) = −
(
1− 1Hs∆η
)
v||s −
1
Hs∆η v||o − (ψ
I
s + ψ
A
s ) +
(
1− 1Hs∆η
)[
(ψIo − ψAo )− (ψIs − ψAs )
−2
∫ ηo
η
(0)
s
dη′∂η′ψ
I (η′)
]
+
2
∆η
∫ ηo
η
(0)
s
dη′ψI(η′)− 1
∆η
∫ ηo
η
(0)
s
dη′
η′ − η(0)s
ηo − η′ ∆2ψ
I(η′) (3.26)
with ∆2 = ∂
2
θ +cot θ∂θ+1/(sin θ)
2∂2φ the 2-dimensional angular Laplacian. This is in full agreement with the previous
results of [2, 3] and with the ones of [6] for the case of vanishing anisotropic case.
The second order result is much more involved. We split it in three different parts:
δ¯
(2)
S (zs, θ˜
a) = δ¯
(2)
path + δ¯
(2)
pos + δ¯
(2)
mixed , (3.27)
where δ¯
(2)
path denotes terms connected to the photon path and to the boundary terms; δ¯
(2)
pos is for the terms manifestly
generated by the source and observer peculiar velocity. Finally, δ¯
(2)
mixed mixes peculiar velocity effects with all others.
We then obtain the following final result for δ¯
(2)
pos
δ¯(2)pos =
(
1− 1Hs∆η
)[
1
2
va⊥sv⊥a s −
1
Hs
(
v||s − v||o
)
∂rv||s − v(2)||s
]
+
1
Hs∆η
(
1
2
va⊥ov⊥a o − v(2)||o
)
− 1
2
v2||s + v||ov||s +
1
2
1
Hs∆η
H′s
H2s
(
v||s − v||o
)2
(3.28)
8For the parts δ¯
(2)
mixed and δ¯
(2)
path we perform a further split: δ¯
(2)
mixed,a and δ¯
(2)
path,a contain terms which depend only on ψ
I
(and, in case, from the genuine second order variables), while δ¯
(2)
mixed,b and δ¯
(2)
path,b contain the rest of the terms which
depend also on ψA. We then have
δ¯
(2)
mixed,a =
(
1− 1Hs∆η
)[
+ψIsv||s + v||s
1
∆η
∫ ηo
ηs
dη′
η′ − ηs
ηo − η′∆2ψ
I (η′)− 2ava⊥s∂a
∫ ηo
ηs
dη′ψI (η′)
+
1
Hs
(
ψIo − ψIs − 2
∫ ηo
ηs
dη′∂η′ψ
I (η′)− 2Hs
∫ ηo
ηs
dη′ψI (η′)
)
∂rv||s
+2∂av||s
∫ ηo
ηs
dη′γab0 ∂b
∫ ηo
η′
dη′′ψI (η′′)
]
+ v||o
1
Hs∆η
(
ψIs +
1
∆η
∫ ηo
ηs
dη′
η′ − ηs
ηo − η′∆2ψ
I (η′)
)
−v||s
2
∆η
∫ ηo
ηs
dη′ψI (η′) +
(
v||s − v||o
) [ 1
Hs∆η
(
1− H
′
s
H2s
)(
ψIo − ψIs − 2
∫ ηo
ηs
dη′∂η′ψ
I (η′)
)
+
2
Hs∆ηψ
I
s +
1
H2s∆η
∂ηψ
I
s −
1
Hs ∂rψ
I
s −
1
Hs∆η2
∫ ηo
ηs
dη′∆2ψ
I (η′)
]
− 1Hs ∂a
(
v||s − v||o
)
γab0s
∫ ηo
ηs
dη′∂bψ
I(η′) (3.29)
δ¯
(2)
mixed,b =
(
1− 1Hs∆η
)[
+ψAs v||s +
1
Hs ∂rv||s(ψ
A
s − ψAo )
]
− 1Hs∆η
H′s
H2s
(ψAs − ψAo )
(
v||s − v||o
)
+
1
Hs∆η (2ψ
A
s − ψAo )v||s+
(
1
Hs∆η ∂ηψ
A
s − ∂rψAs
)
1
Hs
(
v||s − v||o
)
(3.30)
and
δ¯
(2)
path,a=
(
1− 1Hs∆η
){
1
2
(
φ(2)o − φ(2)s
)
− 1
2
∫ ηo
ηs
dη′∂η′
(
ψ(2) (η′) + φ(2) (η′)
)}
− 1
2
ψ(2)s
−1
4
1
∆η
∫ ηo
ηs
dη′
η′ − ηs
ηo − η′∆2
(
ψ(2) (η′) + φ(2) (η′)
)
+
1
2
1
∆η
∫ ηo
ηs
dη′
(
ψ(2) (η′) + φ(2) (η′)
)
+
(
1− 1Hs∆η
){[
−1
2
∂rψ
I
o −
3
2
∂ηψ
I
o + ∂rψ
I
s + 2∂ηψ
I
s + 2
∫ ηo
ηs
dη′∂2η′ψ
I (η′)
](
−2
∫ ηo
ηs
dη′ψI (η′)
)
−
(
ψIo − ψIs − 2
∫ ηo
ηs
dη′∂η′ψ
I (η′)
)
1
∆η
∫ ηo
ηs
dη′
η′ − ηs
ηo − η′∆2ψ
I (η′) +
1
2
(ψIs )
2 − 1
2
(ψIo)
2
−2ψIo
∫ η0
ηs
dη′∂η′ψ
I (η′)− 4
∫ η0
ηs
dη′
[
−ψI (η′) ∂η′ψI (η′)− ∂η′ψI (η′)
∫ ηo
η′
dη′′∂η′′ψ
I (η′′)
−ψI (η′)
∫ ηo
η′
dη′′∂2η′′ψ
I (η′′) + γab0 ∂a
(∫ ηo
η′
dη′′ψI (η′′)
)
∂b
(∫ ηo
η′
dη′′∂η′′ψ
I (η′′)
)]
+2∂aψ
I
s
∫ ηo
ηs
dη′γab0 ∂b
∫ ηo
η′
dη′′ψI (η′′) + 4
∫ ηo
ηs
dη′∂a
(
∂η′ψ
I (η′)
)∫ ηo
ηs
dη′′γab0 ∂b
∫ ηo
η′′
dη′′′ψI (η′′′)
}
+ 4ψIs
∫ ηo
ηs
dη′∂η′ψ
I (η′)
+
3
2
(ψIs )
2 − 2ψIsψIo +
1
Hs
(
∂rψ
I
s −
1
Hs∆η ∂ηψ
I
s
)(
ψIo − ψIs − 2
∫ ηo
ηs
dη′∂η′ψ
I (η′)
)
− 2∂rψIs
∫ ηo
ηs
dη′ψI (η′)
−1
2
1
Hs∆η
(
1− H
′
s
H2s
)[(
ψIs − ψIo
)2
+ 2
(
ψIs − ψIo
)(
2
∫ ηo
ηs
dη′∂η′ψ
I (η′)
)
+ 4
(∫ ηo
ηs
dη′∂η′ψ
I (η′)
)2]
+
2
∆η
∫ ηo
ηs
dη′
[
ψI (η′)
(
ψIo − ψI (η′)− 2
∫ ηo
η′
dη′′∂η′′ψ
I (η′′)
)
+ γab0 ∂a
(∫ ηo
η′
dη′′ψI (η′′)
)
∂b
(∫ ηo
η′
dη′′ψI (η′′)
)]
+
(
ψIs −
2
∆η
∫ ηo
ηs
dη′ψI (η′)
)
1
∆η
∫ ηo
ηs
dη′
η′ − ηs
ηo − η′∆2ψ
I (η′) +
1
2
(
1
∆η
∫ ηo
ηs
dη′
η′ − ηs
ηo − η′∆2ψ
I (η′)
)2
9+
[
1
Hs∆η
(
ψIo − ψIs − 2
∫ ηo
ηs
dη′∂η′ψ
I (η′)
)
− 1
∆η
∫ ηo
ηs
dη′ψI (η′)
]
1
∆η
∫ ηo
ηs
dη′∆2ψ
I (η′)
−
[∫ ηo
ηs
dη′
1
(ηo − η′)2
(
ψI(η′)− ψIo
)
+ 2
∫ ηo
ηs
dη′
1
(ηo − η′)2
∫ ηo
η′
dη′′∂η′′ψ
I(η′′)
] ∫ ηo
ηs
dη′∆2ψ
I(η′)
+2∂aψ
I
s
∫ ηo
ηs
dη′γab0 ∂b
∫ ηo
η′
dη′′ψI (η′′)− 4
∆η
[∫ ηo
ηs
dη′∂aψ
I (η′)
∫ ηo
ηs
dη′′γab0 ∂b
∫ ηo
η′′
dη′′′ψI (η′′′)
]
+
(
∂a
∫ ηo
ηs
dη′ψI (η′)
)[
4
∫ ηo
ηs
dη′
1
(ηo − η′)γ
ab
0
∫ ηo
η′
dη′′∂bψ
I(η′′)− 3
∫ ηo
ηs
dη′γab0 ∂bψ
I(η′)
−6
∫ ηo
ηs
dη′γab0
∫ ηo
η′
dη′′∂b∂η′′ψ
I(η′′)
]
+ ∂a
(∫ ηo
ηs
dη′γbd0 ∂d
∫ ηo
η′
dη′′ψI (η′′)
)
∂b
(∫ ηo
ηs
dη′γac0 ∂c
∫ ηo
η′
dη′′ψI (η′′)
)
−2
(∫ ηo
ηs
dη′ψI (η′)
)∫ ηo
ηs
dη′
[
− 1
(ηo − η′)3
∫ ηo
η′
dη′′∆2ψ
I (η′′) +
1
(ηo − η′)2
(
1
2
∆2ψ
I (η′) +
∫ ηo
η′
dη′′∂η′′
(
∆2ψ
I (η′′)
))]
+∂a
{
1
Hs
[
−ψIs − 2
∫ ηo
ηs
dη′∂η′ψ
I (η′)
]
−
∫ ηo
ηs
dη′ψI(η′)
}
γab0s
∫ ηo
ηs
dη′∂bψ
I(η′)
+
2
ηo − ηs
∫ ηo
ηs
dη′
η′ − ηs
ηo − η′ ∂b
[
∆2ψ
I(η′)
] ∫ ηo
ηs
dη′′γab0 ∂a
∫ ηo
η′′
dη′′′ψI(η′′′)
+
1(
sin θ˜
)2 [ 1∆η
∫ ηo
ηs
dη′
η′ − ηs
ηo − η′ ∂θ˜ψ
I (η′)
]2
− 1
∆η
∫ ηo
ηs
dη′
η′ − ηs
ηo − η′∆2
[
ψI (η′)
(
ψIo − ψI (η′)− 2
∫ ηo
η′
dη′′∂η′′ψ
I (η′′)
)
+γab0 ∂a
(∫ ηo
η′
dη′′ψI (η′′)
)
∂b
(∫ ηo
η′
dη′′ψI (η′′)
)]
−
∫ ηo
ηs
dη′
{
ψI (η′) lim
η¯→ηo
(
1
(ηo − η¯)2
∫ ηo
η¯
dη′′∆2ψ
I (η′′)
)
−2ψI (η′) 1
ηo − η′
∫ ηo
η′
dη′′
η′′ − η′
ηo − η′′∆2∂η
′′ψI (η′′) + 2γab0 ∂b
(∫ ηo
η′
dη′′ψI (η′′)
)
1
ηo − η′
∫ ηo
η′
dη′′
η′′ − η′
ηo − η′′ ∂a∆2ψ
I (η′′)
−
(
ψIo − 2ψI (η′)− 2
∫ ηo
η′
dη′′∂η′′ψ
I (η′′)
)
1
(ηo − η′)2
∫ ηo
η′
dη′′∆2ψ
I (η′′) + ∂aψ (η
′)
[
lim
η¯→ηo
(
γab0 ∂b
∫ ηo
η¯
dη′′ψ (η′′)
)
−2
∫ ηo
η′
dη′′γab0 ∂b
∫ ηo
η′′
dη′′′∂η′′′ψ (η
′′′)
]
+ 2∂a
[
γdb0 ∂b
∫ ηo
η′
dη′′ψI (η′′)
] ∫ ηo
η′
dη′′∂d
[
γac0 ∂c
∫ ηo
η′′
dη′′′ψI (η′′′)
]
+2γab0 ∂a
(
ψI (η′) +
∫ ηo
η′
dη′′∂η′′ψ
I (η′′)
)
∂b
∫ ηo
η′
dη′′ψI (η′′)
}
(3.31)
δ¯
(2)
path,b =
(
1− 1Hs∆η
){
−(ψAs − ψAo )
1
∆η
∫ ηo
ηs
dη′
η′ − ηs
ηo − η′∆2ψ
I (η′)− ψAs ψAo + (ψAs )2 + ψAs ψIo + ψAo ψIs − 2ψAs ψIs
−4
∫ ηo
ηs
dη′∂η′(ψ
IψA) (η′)
}
−
(
1
Hs∆η ∂ηψ
I
s − ∂rψIs
)
1
Hs (ψ
A
s − ψAo )−
2
Hs∆η ∂rψ
A
s
∫ ηo
ηs
dη′ψI (η′)
−
(
1
Hs∆η ∂ηψ
A
s − ∂rψAs
)
1
Hs
[
ψIo − ψAo − (ψIs − ψAs )− 2
∫ ηo
ηs
dη′∂η′ψ
I (η′)
]
−2ψAo
1
∆η
∫ ηo
ηs
dη′ψI (η′) + ψAs
1
∆η
∫ ηo
ηs
dη′
η′ − ηs
ηo − η′∆2ψ
I (η′)+
1
Hs∆η (ψ
A
s − ψAo )
1
∆η
∫ ηo
ηs
dη′∆2ψ
I (η′)
+
[
1
Hs∆η (−ψ
A
s + 2ψ
A
o ) +
1
Hs∆η
H′s
H2s
(ψAs − ψAo )− ψAo
](
−2
∫ ηo
ηs
dη′∂η′ψ
I (η′)
)
− 1
2
(ψAo )
2 + ψAs ψ
A
o
−(ψAs )2 + ψAo ψIo − ψAs ψIo + ψAo ψIs − 2ψAs ψIs +
1
Hs∆η
H′s
H2s
[
1
2
(ψAs − ψAo )2 − ψAo ψIo + ψAs ψIo + ψAo ψIs − ψAs ψIs
]
+
2
Hs∆η ∂aψ
A
s
∫ ηo
ηs
dη′γab0 ∂b
∫ ηo
η′
dη′′ψI (η′′) +
1
Hs ∂aψ
A
s γ
ab
0s∂b
∫ ηo
ηs
dη′ψI (η′)
+
4
∆η
∫ ηo
ηs
dη′(ψIψA) (η′)− 2
∆η
∫ ηo
ηs
dη′
η′ − ηs
ηo − η′∆2(ψ
IψA) (η′) (3.32)
We can note how several new terms appear when we consider an anisotropic stress. In particular, we have a new
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genuine second order lensing (see last term of Eq.(3.32)), which is non zero only when we consider models of dark
energy with anisotropic stress (or modified gravity models). As a consequence, this could be used to test these models.
IV. COMPARISON WITH PREVIOUS RESULTS: VANISHING ANISOTROPIC STRESS
Let us now consider the particular case with vanishing anisotropic stress. We begin by showing that the results
for the luminosity distance-redshift relation reported in [6] agree, for this particular case, with the above results. In
the case of vanishing anisotropic stress we have ψI = ψ and ψA = 0, d¯L can be then easily obtained using Eqs.
(3.26)-(3.32), in particular we have that δ¯
(2)
mixed,b = δ¯
(2)
path,b = 0, the form of δ¯
(2)
pos does not change, and δ¯
(2)
mixed,a and
δ¯
(2)
path,a are obtained just substituting ψ
I with ψ.
Let us start from the explicit expressions reported in [6]:
δ¯(2)pos =
1
2
(
1− 1Hs∆η
){
(∂rPs)
2
+ (γab0 )s∂aPs ∂bPs −
2
Hs (∂rPs − ∂rPo)
(Hs∂rPs + ∂2rPs)
−
∫ η(0)
s
ηin
dη′
a(η′)
a(η
(0)
s )
∂r
[
φ(2) − ψ2 + (∂rP )2 + γab0 ∂aP∂bP
]
(η′,∆η, θ˜a)
}
+
1
2Hs∆η
{
(∂rPo)
2 + lim
r→0
[
γab0 ∂aP∂bP
]
−
∫ ηo
ηin
dη′
a(η′)
a(ηo)
∂r
[
φ(2) − ψ2 + (∂rP )2 + γab0 ∂aP∂bP
]
(η′, 0, θ˜a)
}
− 1
2Hs∆η
(
1− H
′
s
H2s
)
(∂rPs − ∂rPo)2 , (4.1)
δ¯
(2)
mixed =
(
1− 1Hs∆η
){
∂rPsJ
(1)
2 − (∂rPs − ∂rPo)
1
Hs ∂ηψs − (γ
ab
0 )s∂aQs∂bPs
+
1
Hs ∂+Qs∂
2
rPs +Qs∂
2
rPs
+
1
2
∂a(∂rPs − ∂rPo)
(∫ η(0)−
s
ηo
dx
[
γab0 ∂bQ
]
(η(0)+s , x, θ˜
a)
)}
− 1Hs∆η
(
ψo − ψs − J (1)2
)
∂rPo +
Qs
∆η
∂rPs
+
1
∆η
(∂rPs − ∂rPo)
{
1
Hs
(
1− H
′
s
H2s
)
∂+Qs +
2
Hsψs
}
+
1
Hs (∂rPs − ∂rPo)
{
∂ηψs − ∂rψs − 1
∆η2
∫ ηo
η
(0)
s
dη′∆2ψ(η
′, ηo − η′, θ˜a)
}
. (4.2)
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δ¯
(2)
path =
(
1− 1Hs∆η
){
− 1
4
(
φ(2)s − φ(2)o
)
+
1
4
(
ψ(2)s − ψ(2)o
)
+
1
2
ψ2s −
1
2
ψ2o
− (ψs + J (1)2 )∂+Qs +
1
4
(γab0 )s∂aQs∂bQs +Qs
(−∂2+Qs + ∂+ψs)+ 1Hs ∂+Qs ∂ηψs
+
1
4
∫ η(0)−
s
ηo
dx ∂+
[
φ(2) + ψ(2) + 4ψ ∂+Q + γ
ab
0 ∂aQ ∂bQ
]
(η(0)+s , x, θ˜
a)
− 1
2
∂a(∂+Qs)
(∫ η(0)−
s
ηo
dx
[
γab0 ∂bQ
]
(η(0)+s , x, θ˜
a)
)}
− 1
2
ψ(2)s −
1
2
ψ2s −K2 + ψsJ (1)2 +
1
2
(J
(1)
2 )
2 + J
(1)
2
Qs
∆η
− 1Hs∆η
(
1− H
′
s
H2s
)
1
2
(∂+Qs)
2
− 2Hs∆ηψs∂+Qs +
1
2
∂a
(
ψs + J
(1)
2 +
Qs
∆η
)(∫ η(0)−
s
ηo
dx
[
γab0 ∂bQ
]
(η(0)+s , x, θ˜
a)
)
+
1
4
∂aQs∂+
(∫ η(0)−
s
ηo
dx
[
γab0 ∂bQ
]
(η(0)+s , x, θ˜
a)
)
+
1
16
∂a
(∫ η(0)−
s
ηo
dx
[
γbc0 ∂cQ
]
(η(0)+s , x, θ˜
a)
)
∂b
(∫ η(0)−
s
ηo
dx¯
[
γad0 ∂dQ
]
(η(0)+s , x¯, θ˜
a)
)
− 1
4∆η
∫ η(0)−
s
ηo
dx
[
φ(2) + ψ(2) + 4ψ ∂+Q+ γ
ab
0 ∂aQ ∂bQ
]
(η(0)+s , x, θ˜
a)
+
1
Hs ∂+Qs
{
−∂ηψs + ∂rψs + 1
∆η2
∫ ηo
η
(0)
s
dη′∆2ψ(η
′, ηo − η′, θ˜a)
}
+ Qs
{
∂rψs + ∂+
(∫ η(0)−
s
ηo
dx
1
(η
(0)+
s − x)2
∫ x
ηo
dy∆2ψ(η
(0)+
s , y, θ˜
a)
)
+
1
2∆η2
∫ ηo
η
(0)
s
dη′∆2ψ(η
′, ηo − η′, θ˜a)
}
+
1
16 sin2 θ˜
(∫ η(0)−
s
ηo
dx
[
γ1b0 ∂bQ
]
(η(0)+s , x, θ˜
a)
)2
, (4.3)
To compare these terms with the results in Eqs. (3.28), (3.29) and (3.31) (with ψI = ψ) we have to express them in
a more familiar form. To this aim we use the results of Eqs. (2.11) and (3.6-3.9) (with ψI = ψ), together with the
following relations evaluated for the case of vanishing anisotropic stress
∂2+Qs =
3
2
(∂ηψo − ∂ηψs) + 1
2
(∂rψo − ∂rψs)− 2
∫ ηo
ηs
dη′∂2η′ψ (η
′) (4.4)
∂+
(∫ η(0)−
s
ηo
dx
1
(η
(0)+
s − x)2
∫ x
ηo
dy∆2ψ(η
(0)+
s , y, θ˜
a)
)
=
∫ ηo
ηs
dη′
[
− 1
(ηo − η′)3
∫ ηo
η′
dη′′∆2ψ(η
′′)
+
1
(ηo − η′)2
(
+
1
2
∆2ψ(η
′) +
∫ ηo
η′
dη′′∂η′′∆2ψ(η
′′)
)]
(4.5)
1
4
∂aQs∂+
(∫ η(0)−
s
ηo
dx
[
γab0 ∂bQ
]
(η(0)+s , x, θ˜
a)
)
= ∂a
(∫ ηo
ηs
dη′ψ(η′)
)∫ ηo
ηs
dη′
[
2
(ηo − η′)γ
ab
0 ∂b
∫ ηo
η′
dη′′ψ(η′′)
−γab0 ∂b
(
ψ(η′) + 2
∫ ηo
η′
dη′′∂η′′ψ(η
′′)
)]
. (4.6)
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Furthermore J
(1)
2 is the first order lensing term and is given by
J
(1)
2 =
1
∆η
∫ ηo
η
(0)
s
dη′
η′ − η(0)s
ηo − η′ ∆2ψ(η
′, ηo − η′, θ˜a) . (4.7)
This corresponds to the lowest order contribution obtained from
J2 =
1
2
[
cot θ θ˜(1) + ∂aθ˜
a(1)
]
, (4.8)
We then have also a genuine second order lensing term given by
K2 =
1
2
[
cot θ θ˜(2) + ∂aθ˜
a(2)
]
=
1
2
∇aθ˜a(2)
=
1
4
1
∆η
∫ ηo
ηs
dη′
η′ − ηs
ηo − η′∆2
[
φ(2) (η′) + ψ(2) (η′) + 4ψ (η′)
(
ψo − ψ (η′)− 2
∫ ηo
η′
dη′′∂η′′ψ (η
′′)
)
+4γab0 ∂b
(∫ ηo
η′
dη′′ψ (η′′)
)
∂a
(∫ ηo
η′
dη′′ψ (η′′)
)]
+
∫ ηo
ηs
dη′
{
ψ (η′) lim
η¯→ηo
(
1
(ηo − η¯)2
∫ ηo
η¯
dη′′∆2ψ (η
′′)
)
−2ψ (η′) 1
ηo − η′
∫ ηo
η′
dη′′
η′′ − η′
ηo − η′′∆2∂η
′′ψ (η′′) + 2γab0 ∂b
(∫ ηo
η′
dη′′ψ (η′′)
)
1
ηo − η′
∫ ηo
η′
dη′′
η′′ − η′
ηo − η′′ ∂a∆2ψ (η
′′)
−
(
ψo − 2ψ (η′)− 2
∫ ηo
η′
dη′′∂η′′ψ (η
′′)
)
1
(ηo − η′)2
∫ ηo
η′
dη′′∆2ψ (η
′′) + ∂aψ (η
′)
[
lim
η¯→ηo
(
γab0 ∂b
∫ ηo
η¯
dη′′ψ (η′′)
)
−2
∫ ηo
η′
dη′′γab0 ∂b
∫ ηo
η′′
dη′′′∂η′′′ψ (η
′′′)
]
+ 2∂a
[
γdb0 ∂b
∫ ηo
η′
dη′′ψ (η′′)
] ∫ ηo
η′
dη′′∂d
[
γac0 ∂c
∫ ηo
η′′
dη′′′ψ (η′′′)
]
−γab0 ∂a
(
ψo − 2ψ (η′)− 2
∫ ηo
η′
dη′′∂η′′ψ (η
′′)
)
∂b
∫ ηo
η′
dη′′ψ (η′′)
}
. (4.9)
Using Eqs. (4.4)-(4.9) to evaluate Eqs. (4.1), (4.2) and (4.3) one can prove that these are perfectly equivalent to
Eqs. (3.28), (3.29) and (3.31) with ψI = ψ and ψA = 0.
In [11] (see also [12]) the results for the perturbed redshift and luminosity distance was also derived, but in a
different way, for the particular case of vanishing anisotropic stress. In [11] the authors work mainly in a perturbed
Minkowski space-time and conformally transform their results to the original FLRW space-time at the end. Therefore,
the comparison of these two independent results, the one of [5, 6] here further generalized and the one of [11], is of
fundamental importance. Considering only scalar perturbations2 and the different formalism used, we find that the
results of Eqs. (3.11), (3.12), (3.14) and (3.15), for ψI = ψ and ψA = 0, do not exactly coincide with the results of
[11]. To be more precise, the first order coincides, while splitting the second order contribution of Eq. (3.15) in a
similar way as proposed in [11] we find some discrepancies. Namely, we can write:
δ(2)z¯ = δ(2)zS + δ
(2)zSW + δ
(2)zSWxISW + δ
(2)zSWxDop|| + δ
(2)zDop|| + δ
(2)zDop⊥ + δ
(2)zDop||xISW ||
+δ(2)zDop⊥xISW⊥ + δ
(2)zIISW + δ
(2)zθa
o
(4.10)
2 In [5] also the vector and tensor perturbations were considered. The results of [5] are in agreement [16] with the ones given in [17].
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with
δ(2)zS = v
(2)
||o − v
(2)
||s +
1
2
(
φ(2)o − φ(2)s
)
− 1
2
∫ η0
ηs
dη′∂η′
[
φ(2) (η′) + ψ(2) (η′)
]
(4.11)
δ(2)zSW =
3
2
ψ2s −
1
2
ψ2o − ψsψo (4.12)
δ(2)zSWxISW = 2 (ψs − ψo)
∫ η0
ηs
dη′∂η′ψ (η
′) (4.13)
δ(2)zSWxDop|| =
(
v||o − v||s
)
(ψo − ψs) =
(
ψsv||s + ψov||o
)− (ψsv||o + ψov||s) (4.14)
δ(2)zDop|| =
1
2
(
v||o − v||s
)2
(4.15)
δ(2)zDop⊥ =
1
2
(va⊥sv⊥a s − va⊥ov⊥a o) (4.16)
δ(2)zDop||xISW || = −2
(
v||o − v||s
) ∫ ηo
ηs
dη′∂η′ψ (η
′) (4.17)
δ(2)zDop⊥xISW⊥ = −2a va⊥s∂a
∫ ηo
ηs
dη′ψ (η′) (4.18)
δ(2)zIISW = 4
∫ η0
ηs
dη′
[
ψ (η′) ∂η′ψ (η
′) + ∂η′ψ (η
′)
∫ ηo
η′
dη′′∂η′′ψ (η
′′) + ψ (η′)
∫ ηo
η′
dη′′∂2η′′ψ (η
′′)
−γab0 ∂a
(∫ ηo
η′
dη′′ψ (η′′)
)
∂b
(∫ ηo
η′
dη′′∂η′′ψ (η
′′)
)]
(4.19)
δ(2)zθa
o
= +2∂a
(
v||s + ψs
) ∫ ηo
ηs
dη′γab0 ∂b
∫ ηo
η′
dη′′ψ (η′′)
+4
∫ ηo
ηs
dη′∂a (∂η′ψ (η
′))
∫ ηo
ηs
dη′′γab0 ∂b
∫ ηo
η′′
dη′′′ψ (η′′′) . (4.20)
Here δ(2)zS stands for the genuine second order terms and the other names are given in terms of the physical effects
connected with the relative term (doppler effect, Sachs-Wolfe effect, integrated and double integrated Sachs-Wolfe
effect). One can then note that while the terms: δ(2)zS , δ
(2)zSW , δ
(2)zSWxISW , δ
(2)zDop||, δ
(2)zDop⊥, δ
(2)zDop||xISW ||,
and δ(2)zDop⊥xISW⊥ coincide with the corresponding terms of [11], the terms: δ
(2)zSWxDop|| and δ
(2)zIISW seem to
differ from the corresponding terms of [11]. Just to make an example, in the term δ(2)zIISW a double partial derivative
with respect to the conformal time is present, while this is not present in the corrispondent term of [11].
The term δ(2)zθa
o
comes from the fact that we want to write the perturbed redshift as a function of the observer’s
angular coordinates (see Sec. III A), which differ from the angular coordinates at the source (θas 6= θao for ηs 6= ηo, see
Eq.(3.13)). This term appears to be absent in [11], suggesting that in [11] the observed redshift is not written as a
function of the direction of observation.
Moving to the luminosity distance-redshift relation, the comparison of the results in Eqs. (3.28), (3.29) and (3.31)
(with ψI = ψ and ψA = 0) with the ones of [11] is very involved, in fact results that are equal can look different by
using a simple integration by parts. On the other hand, we can try to compare terms with the same physical meaning
and which can be isolated easily from the other terms. As an example, considering only the term ∼ v2||s, in δ¯(2)pos, we
have [
−1
2
+
1
2
1
Hs∆η
H′s
H2s
]
v2||s , (4.21)
while if we look at Eq.(140) of [11] we have [
+
1
2
− 1Hs∆η +
1
2
H′s
H2s
]
v2||s . (4.22)
Clearly the quantities appearing in Eqs. (4.21) and (4.22) are different. Therefore, from this simple check, and from
the fact that also the second order perturbed redshift of [11] differs from our expression of Eq.(3.15), we conclude
that the recent results in [11] do not agree with the results of [5, 6] and with the ones here presented.
14
V. CONCLUSIONS
Let us summarize the results of this work and make some further comment.
The main results of the paper are the perturbed redshift and luminosity distance-redshift relation up to second
order in perturbation theory in Poisson gauge, obtained by generalizing the results in [5, 6] to include an anisotropic
stress. These results, presented in Eqs. (3.11), (3.12), (3.14) and (3.15), and in Eqs. (3.26)-(3.32), are therefore
valid for general dark energy models and (most) modified gravity models, for which a non-vanishing anisotropic stress
frequently appears. The results are presented using a standard formalism close to the one introduced in [2].
The evaluation of LSS observables in models with anisotropic stress is of fundamental importance for the under-
standing of the dark energy problem. In fact, a direct detection of an observational signature of anisotropic stress will
rule out ΛCDM. Taking into consideration the anisotropic stress several new terms appear in Eqs. (3.26)-(3.32). In
particular, in Eq.(3.32) a new genuine second order lensing term (last one in (3.32)) appears. This is non zero only
for models of dark energy with anisotropic stress (or for modified gravity models), and, as a consequence, could be
used to test alternative models of dark energy.
Furthermore, we have seen that the results obtained in Eqs. (3.26)-(3.32) reduce to the ones given in [5, 6] for the
particular case of vanishing anisotropic stress.
To this aim we use a series of results (Eqs. (2.11), (3.6-3.9) and (4.4-4.9)) which constitute a dictionary to translate
the quantities that one usually obtains when going from the GLC gauge to the Poisson gauge, to more standard
variables.
We have then summarized, and in part illustrated, the innovative approach used in [5, 6] to write LSS observables
(like redshift and luminosity distance) to a given order in perturbation theory starting from the GLC gauge. This
innovative approach enormously simplifies this task and can be used also to obtain other useful observable like the
galaxy number counts at second order [18] (see [19, 20] for the first order case, and [21] for others recent results at
second order).
Finally, we have partially compared our results about the perturbed redshift and luminosity-redshift relation, with
those of [11] (see also [12]) for the case of vanishing anisotropic stress, showing that there is still some disagreement
with the results presented here and in [5, 6]. We stress that arriving at a commonly accepted expression for the
perturbed redshift and luminosity-redshift relation is of fundamental importance in view of the future cosmological
surveys. In fact, any uncertainty in the theoretical description of the observed redshift and luminosity distance will
impact the reliability of the interpretation of our present and future cosmological observations. We do hope that this
work will stimulate further investigation in this direction.
Acknowledgments
We wish to thank Ruth Durrer, Maurizio Gasperini and Gabriele Veneziano for reading a preliminar version of this
manuscript and for the many and fruitful comments and suggestions, and Enea Di Dio for useful discussions.
GM was partially supported by the Marie Curie IEF, Project NeBRiC - “Non-linear effects and backreaction in
classical and quantum cosmology”.
[1] M. Sasaki, Mon. Not. Roy. Astron. Soc. 228 (1987) 653; M. Kasai and M. Sasaki, Mod. Phys. Lett. A2 (1987) 727.
[2] C. Bonvin, R. Durrer and M. A. Gasparini, Phys. Rev. D 73, 023523 (2006) [Erratum-ibid. D 85, 029901 (2012)] [astro-
ph/0511183].
[3] T. Pyne and M. Birkinshaw, Mon. Not. Roy. Astron. Soc. 348, 581 (2004) [astro-ph/0310841].
[4] E. Barausse, S. Matarrese and A. Riotto, Phys. Rev. D 71, 063537 (2005) [astro-ph/0501152].
[5] I. Ben-Dayan, G. Marozzi, F. Nugier and G. Veneziano, JCAP 1211, 045 (2012) [arXiv:1209.4326 [astro-ph.CO]].
[6] G. Fanizza, M. Gasperini, G. Marozzi and G. Veneziano, JCAP 1311, 019 (2013) [arXiv:1308.4935 [astro-ph.CO]].
[7] I. Ben-Dayan, M. Gasperini, G. Marozzi, F. Nugier and G. Veneziano, Phys. Rev. Lett. 110, 021301 (2013) [arXiv:1207.1286
[astro-ph.CO]].
[8] I. Ben-Dayan, M. Gasperini, G. Marozzi, F. Nugier and G. Veneziano, JCAP 1306, 002 (2013) [arXiv:1302.0740 [astro-
ph.CO]].
[9] I. Ben-Dayan, R. Durrer, G. Marozzi and D. J. Schwarz, Phys. Rev. Lett. 112, 221301 (2014) [arXiv:1401.7973 [astro-
ph.CO]].
[10] M. Gasperini, G. Marozzi, F. Nugier and G. Veneziano, JCAP 1107, 008 (2011) [arXiv:1104.1167 [astro-ph.CO]].
[11] O. Umeh, C. Clarkson and R. Maartens, Class. Quant. Grav. 31, 205001 (2014) [arXiv:1402.1933 [astro-ph.CO]].
[12] O. Umeh, C. Clarkson and R. Maartens, Class. Quant. Grav. 31, 202001 (2014) [arXiv:1207.2109 [astro-ph.CO]].
15
[13] I. Ben-Dayan, M. Gasperini, G. Marozzi, F. Nugier and G. Veneziano, JCAP 1204, 036 (2012) [arXiv:1202.1247 [astro-
ph.CO]].
[14] P. Schneider, J. Ehlers and E. Falco, Gravitational Lenses (Springer Verlag, Berlin, 1992).
[15] E. Bertschinger, Cosmological Dynamics in Cosmology and Large Scale Structure, proc. Les Houches Summer School,
Session LX, ed. R. Schaeffer, J. Silk, M. Spiro and J. Zinn-Justin (Amsterdam:Elsevier Science), 273-347, 1996;
L. Bombelli, W. E. Couch and R. J. Torrence, Class. Quant. Grav. 11, 139 (1994).
[16] E. Di Dio and G. Marozzi, unpublished.
[17] E. Di Dio and R. Durrer, Phys. Rev. D 86, 023510 (2012) [arXiv:1205.3366 [astro-ph.CO]].
[18] E. Di Dio, R. Durrer, G. Marozzi and F. Montanari, JCAP 1412, 017 (2014) [arXiv:1407.0376 [astro-ph.CO]].
[19] J. Yoo, A. L. Fitzpatrick and M. Zaldarriaga, Phys. Rev. D 80 (2009) 083514 [arXiv:0907.0707 [astro-ph.CO]]; J. Yoo,
Phys. Rev. D 82 (2010) 083508 [arXiv:1009.3021 [astro-ph.CO]].
[20] C. Bonvin and R. Durrer, Phys. Rev. D 84, 063505 (2011) [arXiv:1105.5280 [astro-ph.CO]]; A. Challinor and A. Lewis,
Phys. Rev. D 84, 043516 (2011) [arXiv:1105.5292 [astro-ph.CO]].
[21] D. Bertacca, R. Maartens and C. Clarkson, JCAP 1409, 037 (2014) [arXiv:1405.4403 [astro-ph.CO]]; D. Bertacca,
R. Maartens and C. Clarkson, JCAP 1411, 013 (2014) [arXiv:1406.0319 [astro-ph.CO]]; J. Yoo and M. Zaldarriaga,
Phys. Rev. D 90, 023513 (2014) [arXiv:1406.4140 [astro-ph.CO]].
